Abstract| A n ecient multicast hybrid ARQ scheme is proposed by incorporating the generalized minimum distance (GMD) decoding of maximum distance separable (MDS) codes with Metzner's scheme [8] . Erroneous frames are stored in the receiver buer and recovered after receiving one or more redundant frames. The throughput and the average transmission delay of the proposed scheme are analyzed on memoryless symmetric channels. The proposed scheme can circumvent the degradation of the throughput due to an increase of the number of receivers, which is the most serious defect in the conventional multicast ARQ schemes, at the expense of the transmission delay.
ULTICAST is a common scenario in various communication systems such as satellite communications, mobile telephony and local area networks. The performance of plain ARQ schemes including stop-andwait (SAW), go-back-N (GBN) and selective repeat (SR) schemes has been evaluated over multicast communication systems. Calo and Easton examined a multicast ARQ scheme based on a SAW scheme [1] . Mase et al. [2] and Gopal and Jae [3] discussed some multicast ARQ schemes employing a GBN principle. Two multicast SR ARQ schemes are studied by Sabnani and Schwartz [4] . Chandran and Lin [5] presented a multicast ARQ s c heme based on hybrid ARQ schemes [6] . Deng evaluated the performance of a multicast hybrid ARQ scheme on nonstationary channels [7] . It has been veried, however, that the performance of such m ulticast communication systems is deteriorated signicantly as the number of receivers increases [3] . It necessitates the development of ecient m ulticast ARQ s c hemes.
Metzner [8] proposed an ecient m ulticast ARQ s c heme taking advantage of the following features of maximum distance separable (MDS) codes [9] ; Lemma 1: For any codewords of [n; k] MDS codes 1 1 An MDS code with code length n, dimension k and minimum distance n 0 k + 1 is denoted by a n [ n; k] MDS code.
reproduced. Lemma 2: For [n; k] MDS codes, shortened codes and punctured codes are also MDS codes. Lemma 1 guarantees that an [n; k] MDS code can correct n 0 k or fewer erasures (erasure-only decoding). In
Metzner's scheme, k data frames are encoded by a n [ n; k] MDS code to obtain n 0 k redundant frames. The transmitter rst sends the k data frames to all the receivers. When there exist one or more receivers with erroneously received data frames, the transmitter then sends the redundant frames one by one until every receiver has at least k correct frames. Once a receiver has at least k frames without errors, an erasure-only decoding can correct errors in the k data frames. Clearly no replicas of frames previously sent are retransmitted on the contrary to plain ARQ schemes. Furthermore, it features Metzner's scheme that the redundant frames can correct errors in any data frames, while a retransmitted frame in the conventional schemes [1] [2] [3] [4] [5] can correct errors in one particular data frame.
This paper proposes and analyzes a new ecient multicast hybrid ARQ scheme based on Metzner's scheme. The generalized minimum distance (GMD) decoding [10] of MDS codes is employed instead of the erasure-only decoding.
The GMD decoding includes not only an erasure-only decoding but also an erasures-and-errors decoding according to symbol reliability. Thus, the number of redundant frames to be sent should be determined, taking account o f the reliability assigned to the received frames at each receiver. While, it is sucient in Metzner's scheme to count the numbers of frames received with errors for the receivers.
In Section II, system model is described. In Section III, the algorithm of the proposed scheme is presented. In Section IV, the throughput and the average transmission delay are evaluated on memoryless channels. Numerical results are given in Section V, compared with Metzner's scheme and with the multicast SR scheme. Section VI concludes the present paper. I I . System Configuration Consider a multicast communication system, where a single transmitter sends frames to M receivers. Each frame includes the frame number from 0 to N 0 1 and the frame check sequence (FCS) for error detection. Each receiver possesses an N -frame buer. For convenience, we shall impose the following assumptions.
Assumption (i) The propagation delay between the transmitter and each receiver is suciently small, compared with the frame duration.
Assumption (ii) The probability of erroneous reception of the frame number can be neglected, that is, no frame loss nor arrival of frames out of order occurs. Assumption (iii) The undetected error probability o f the FCS can be neglected. Assumption (iv) M forward channels from the transmitter to each receiver can be modeled as statistically independent and identical memoryless symmetric channels with symbol error rate ". Assumption (v) M feedback channels from each receiver to the transmitter are error-free.
Let an L-tuple X j = ( x j;0 ; x j;1 ; . . . ; x j;L01 ) o ver GF(q) denote a frame with the number j (0 j N 01), where q is a power of a prime. This implies that the frame length is Ldlog 2 qe bits. We denote the received frame corresponding to the frame X j by Y j . Since the received frame Y j may diers at all the receivers, the receiver number should be accompanied by Y j . However, this is omitted for convenience.
III. Algorithm
The proposed scheme can be divided into three modes, the normal mode, the transit mode, and the recovery mode. In addition to the assumptions in the previous section, we shall also impose another assumption.
Assumption (vi) The transmitter and all the receivers can share information of the mode transition and other information associated with each mode. It can be implemented by appending a few symbols to frames. For example, if erroneous reception of these symbols can be negligible, at least dlog q Ke + dlog q 3e symbols should be appended, where the rst term is for the frame number and the last, for the mode transition. If the frame length L is suciently large, compared to the number of the additional symbols, the probability of erroneous reception of the additional symbols can be negligible. . The observation that R c (m) = 0 implies that the receiver m has succeeded in recovering the data frames in the cth or previous cycle. Algorithm in the recovery mode is described below in detail.
Step-R1 (Transmitter) : Generate N 0 K redundant frames, X K to X N01 , from the K data frames X 0 to X K01 , as shown in Step-R3 (Transmitter) : Send the n c 0n c01 redundant frames, X nc01 to X nc01 .
Step Step Step The proposed scheme is reduced to the one equivalent to Metzner's scheme, if the GMD decoding in Step-R5 is substituted by an erasure-only decoding.
IV. Performance Analysis
The throughput and the average transmission delay of the proposed scheme with no additional FEC are evaluated ( i 2 f 0; 1g). Since it is complicated to take i n to account of the adaptive increment of the minimum distance of the MDS code, we approximate the performance, assuming that only H redundant frames are sent in the recovery mode according to the ideal multicast SR (IMSR) scheme, which is equivalent to the SR scheme using the dynamic retransmission group reduction (DRGR) technique in [3] .
Hence, no partial error-correction in the y`'s cycle by cycle is considered.
A. Throughput
Let Z n and Z r betwo random variables representing the number of frames in the normal mode and in the recovery mode, respectively. Let us dene the throughput of the proposed scheme by
(overhead due to the FCS is ignored). Since the normal mode lasts until the rst NAK is returned,
(1 0 P E ) M 9 i01 8 1 0 (1 0 P E ) M 9 = 1 1 0 (1 0 P E ) M ;
where P E = 1 0 (1 0 ") L is the frame error rate. In the following, the probability that H = h (1 h K) shall be evaluated rst, then E [Z r ] shall be approximated. Let us divide the set of all the receivers into two subset. 
Averaging (6) From the assumption that the H redundant frames are sent according to the IMSR scheme, the conditional average number of frames in the recovery mode, given that H = h, can be evaluated as 
where t is the average number of errors in an erroneous frame and given by
The rst terms in (7) and in brackets in (8) correspond to the probabilities by means of Lemma 3(a) and the second terms, to the probabilities by means of Lemma 3(b). Therefore, we can obtain
As a consequence, the throughput of the proposed scheme is formulated from (4), (5) and (9).
B. Average Transmission Delay
We dene the transmission delay as the number of frame durations from the data frame transmission to the reception of the positive responses to the data frame from all the receivers. It follows from Assumption (i) that the transmission delay for the data frames in the normal mode is equal to one. On the other hand, the positive responses that R c (m) = 0 to the data frames in the transit mode are received at the end of the following recovery mode. Therefore, the transmission delay for the data frames in the transit mode should include the random variable Z r .
Then, using the above notations, the average transmission delay is formulated as
V. Numerical Results
In the following, the throughput and the average transmission delay of the proposed scheme are compared numerically with Metzner's scheme and the IMSR scheme, The throughput versus the symbol error rate is depicted in Fig. 3 for M = 20 and K = 1 6 ; 32; 64; 128.
It is obvious that the proposed scheme yields higher throughput than others. In particular, the throughput for larger symbol error rate (" > 10 02 ) is considerably improved. This improvement stems from the GMD decoding. Even if " = 0 :1, the proposed scheme can attain S = 0 :5 approximately. This implies that an [N=2K; K] MDS code is sucient for " < 0:1 and that the density of symbol errors are within the error correcting capability of a half-rate MDS code for the most part. In addition, the throughput is improved as K increases. The receivers asymptotically tend to possess the equal number of erroneous frames for large K, since the frame error rate is subject to the binomial distribution. Thus, for large K, the redundant frames are eective for the receivers uniformly.
In Fig. 3 we can observe dierences between the theoretical results and the simulation for the proposed scheme for large ". The main reason is that we h a ve derived the average number of frames in the recovery mode (9) , assuming that H redundant frames are sent according to the IMSR scheme. While the simulation was executed using an MDS code with suciently large N , so that an error-correcting The average transmission delay versus the symbol error rate is depicted in Fig. 6 for M = 20 and K = 16; 32; 64; 128.
Since each receiver stores erroneous data frames and attempts to recover them after receiving the following H redundant frames, the average transmission delay of the proposed scheme is larger than that of the IMSR scheme for the most part. In addition, although the proposed scheme with large K yields higher throughput, the average trans- Notice that, although the IMSR scheme exhibits smaller average transmission delay, the throughput deteriorates signicantly with an increase of the number of receivers as shown in Fig. 3 .
Consequently, the proposed scheme can achieve the high throughput at the expense of the transmission delay.
VI. Conclusion
In this paper, a new multicast hybrid ARQ s c heme is proposed by incorporating the GMD decoding of MDS codes with Metzner's multicast ARQ scheme. The throughput and the average transmission delay of the proposed scheme are formulated on memoryless symmetric channels. Numerical results show that the proposed scheme can give considerably high throughput both for large error rate and for large number of receivers. However, since each receiver stores erroneous data frames and corrects errors after receiving the following redundant frames, the proposed scheme requires the large transmission delay.
In addition to the large transmission delay, the proposed 
